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Linear  integral  equations describing the angular distr ibution of the radiat ion intensity at the 
boundaries of a semi t ransparen t  plane layer  a re  formulated for  a r b i t r a r y  ref lec t ion indices.  
The s impler  models of specular  and diffuse ref lec t ion investigated ea r l i e r  a re  obtained as 
par t i cu la r  cases  of the g e n e r a l  construct ion mentioned. 

As is known, r ad ia t ive -conduc t ive  heat exchange occurs  in mater ia ls  where  two energy t r ans fe r  
mechanisms coexist ,  heat conduction and radiat ion.  Under such complex energy exchange conditions, the 
radiat ion and t empera tu re  fields depend essent ia l ly  on the cha rac te r  of the ref lect ion of the radiat ion f rom 
the body boundar ies .  In application to semi t ransparen t  media,  i .e. ,  to mater ia l s  par t ia l ly  absorbing as well 
as par t ia l ly  emitting radiat ion,  only the s imples t  models of specular  [1, 4, 7] and diffuse [2-5] ref lec t ion 
have been investigated in the l i t e ra tu re .  It is shown below that these par t i cu la r  cases  can be obtained on 
the basis of a more  general  analys is .  

The ref lect ion of radiat ion at the boundary of a medium is quite complex since each incident beam of 
radiat ion is re f lec ted  in many direct ions within some solid angle whose axis coincides with the d i rec t ion of 
specular  ref lec t ion because of the sur face  roughness ,  and the magnitude depends on the sur face  p roper t i es  
and the angle of incidence.  Let  radiant  energy  with intensity I0p be incident at an angle r within the solid 
angle dw' on a port ion dS of a surface  (sketch). If Ir~(r denotes the intensity in the specular  d i rec t ion for  
re f lec ted  radiat ion,  and Ip (q) in any other direct ion defined by the angle q~, then by introducing the r e f l e c -  
tion index fv (r ~P) = I~ (q) / I r~  (r and the ref lec t ion coefficient Rp (~) by using the energy conservat ion law, 
we obtain 

Rv (~) I0~ cos ~ dco' = .! It, (,) f (, ,  q~) cos ~ do  (1) 

Here  r is the solid angle within which the ref lec t ion radiat ion is propagated so that dw = 2~r sin q~d9. We 
call the quantity 

f~ (~) -- S f (% q~) cos r dco (2) 
(0 

the equivalent solid angle [8]. Using it, we find 

It,. ( , )=  R, (~) Io, cos ~dco' (3) 
( ,)  

Let radiat ion at all possible angles r be incident on dS. Then 
~/2 

l 2r~ cos cp dm Rv (~b) Io,, (~) f (% @ cos ~ sin ~ d~ 
a (q,) 

4=0 

is re f lec ted  in the direct ion ~ within dw. Let  us introduce the quantity at,(OB~, for  the cha rac te r i s t i c  of 
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Fig. 1. Character  of r a -  
diation reflect ion at the 
boundary of the l ayer .  

the intrinsic radiation of the boundaries,  where By is the spectral  sur -  
face brightness in the normal direction to the wall, and s (~) charac-  
ter izes  the angular distribution of the energy radiated by the surface.  
If the layer boundaries are t ransmit t ing,  then secondary radiation can 
occur and in that case we consider it to be included in the quantity 
sv (g0)By. For simplici ty we henceforth omit the subscript u. 

Let us consider the radiation t ransfer  equation 

dI (x, to) 
cos q) . . . .  kl (x, to) + ] (x). (4) 

dx 

Letting I(x, go)l[go[<r/2 =I+ (x, go), I(x,  go + ~r)llgo[<r/2 = T_(x, go), the 

change in go in the range [-zr/2, r /2]  can be examined by solving (4) sep-  
ara te ly  for I+ and I_. Since the lat ter  have the sense of radiation in- 
tensities going to the coordinate x f rom the left and right along the se-  
lected direction go, the boundary conditions can be represented as 

I+(0, to)=e~(to)Bl+2n ~ f~(,, to)I (0 , ,)sin~cos~dt~; 

o (5) 

R, (,) fz (~p, tO) I+ (h, xp) sin ~p cos, d, .  
~/2 

I_ (h, to) = e~ (to) B~ + 2~ J' 
0 

The subscripts  1 and 2 re fe r  to the left and right boundaries,  respect ively.  The solution of (4) appears thus: 
kz ; k(x--O 

t+(x, ,~)=I+(0, to) e + i (~)e  ; (6) 
cos to 

0 

k(h--x) h k(~--x) 
- eos-'---T ~ cos ~ d~ I_ (x, ,~) = I (h, to) e + 1 (U e . (7) 

cos 
x 

Solving (5) jointly, and using (6) and (7), we obtain the following integral  equations for the quantities I+(0, go) 
and I_(h, go) which govern the spatial distribution of radiation near  the boundaries 

~/2 kh j. - 
I+ (O,to) = e I (to) B 1 + 2n R'I (*) fl (% to) e2 (~) B~e co~,l, s in ,  cos~ d~ QI (*) 

n/2 h k~ ~!2 ~12 h 

J ~ 1 xv to) ] (t) e r162 sin r did , 4 f~l OP) f~ (a) 
r ~=o ,~o .=o ~=o 

• h (% to) h (a, ~) ] (~) e I cot, r176 Jcos~-- sin, sina d~dad~ 
~f2 ~/2 

+ 4 ~ z ~  f I (0, a) R I ( * ) / ~ 2 ( E t ) .  fl (~P, to) f~ (a, *) e ( khcos,+ ~o~) cos, sin, cosa sina da d,; 
~1 (,) ~ (a) (8) 

2 kh 

S /~ ~(*) & (*' 
I_ (h, to) = % (to) B~ + 2~ Q.~)  to) el (,) B1 e r162 cos, s in ,  d ,  

~I2 h k(t~-- D 

+ 2~ . ~  to) ] (g) e sin ~ dg d ,  + (9) 
,=o ~=o 

+ 4 r ~ z l  f ~ R,(,)R,(a)[,(%qOf1(a,,)](~)e (#-L-~ +eo~)cos. 
al  (a) n,  (,) 

• cos, sin, sin, d~ da d, + 4~ ~" I_ (h, a) R~ (*) Ra (a) ~ ~ r eo~---r �9 Q~ (a) ~ (,) "~ (% to) f2 (a, ~) e sin, sin, cosu cos~ da d'r 
xp~O ~z=O 
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Here j(~) - Jv[T(~)] is the radiation coefficient, or the volume spectral  density of the radiat ion.  This quan- 
t i ty is defined by the equality [9] 

I , (T)= k,~n~ [B(v,r). (10) 

The integral equations (8) and (9) are  l inear so that if the temperature  field of the layer  and the reflect ion 
character is t ics  of the boundaries are known, the ftmctions I+(0, 9) mad I_(h, 9) can always be found by at 
least  numerical  methods, If the temperature  distribution in the layer  must be found, then (8) and (9) are  
solved jointly with the fundamental equation describing the tempera ture  field 

aT ( i i )  div (q +/~) + cy ~ -- O, 

where the radiat ion vector is found f rom the relationship 
~1'2 

e (x) = 2n j' S [I+ (x, q)) -- I_ (x, q))] sincp costp dcp d~. (12) 

Fur the rmore ,  let us examine two extreme cases,  diffuse and specular reflection.  In the f i r s t  we should put 
fl(r oF) = f2(~b, ~) = 1 and should also consider the brightness of the boundaries and the reflect ion coefficients 
Rt and Rz constant for all direct ions.  If e 1 and e2 are the emissivi t ies  of the walls,  then B 1 = aln2IB(Tl); B~ 
= e~h~I B (T~),where I B (f 1), IB (Tz) are  the radiation intensities of a black surface at the tempera tures  T 1 
and T2. In this case the equivalent solid angles 2l and ~2~ equal zr. Now the right sides of (8) and (9) are  
independent of ~ so that the integral equations degenerate into algebraic .  Taking account of the s implif ica-  
tions made we find for I+(0) and I_(h) f rom (8) and (9) 

h 

I+ (0) = [sln~I~ (T~) -7 2R~e.~n~Ie (T~) Es (kh) + 2R 1 t' ] (~) Eu (k~) d~ 

h 

+ 4 , % ~ ,  (,~h).I i (~)e~ I~ (~-- ~)1 d~] I ~--4~1~J~ (~h)l-~; (Ira 
o 

h 

~_ (,~) = [,~n~, (To.)+ 2a:~ln% (TO e, (~) + 2~  i'i (~)E. [,~ ( h -  ~)] di 
0 

+ 4R1R~E3 (kh) ~ ] (~) E~ (k~) d~ ] [1--4R~R~E~ (kh)]-I (14) 
o 

and, fur thermore ,  by using (12) 

i 
2 h + 2Rze~n,~IB (v, T~)] E 3 [k~ - -  ( h  - -  x ) ]  [~n~I~ (~,, T~) + 2 2Rx%nvl z (v, T~) E 3 (k~,h)] -t- E3 (k,,x) ~ i (~) [2RxE~ (k~,~ ) 

~=o 

h 

+ 4R1R2E 3 (k,h) F_, 8 [k~ (h--  ~)] d~ --  Es [k.~ (h --  x)lJ=j (~) [2R=E~ [k, (h-- ~)1 

+ 4R1R~Ez(k~h)E3(k.~)] d~ } + ](~)E2[k.~(x--~)ld~-- I" ](~)Ea(k,(~-- x)]d~)dv (15) 
~=o ~Lx 

for the radiation vector ~2 (x). This expression agrees with the result obtained in [4] for diffuse reflection 
with the sole difference that the emissivi t ies  and reflection coefficients of both boundaries are  identical in 
[4], but the quantities k and n are taken constant over the spectrum. To the accuracy  of a t ransformat ion 

dive' = (9--T,  (16) 

where r sad ,I, are  the radiativity and absorptivity of the substance [10], (15) agrees  with the relations found 
under the assumption of "grayness"  of the layer  in [2, 3, 5]. 

Turning to specular  reflection,  let us note that fl(r ~0) -- f2(r (P) = d~pr where the subscripts  on the 
symbol ~ denote directions within de0 and dw', respect ively.  In this case 
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f~  = f~  = 2~x S sin r cos r dq~ = 2~ s i n ,  cos ~ d% 

and the in tegra l  equations (8) and (9) again degenera te .  The  functions I+(0, ~0) and I_(h ,  ~) a r e  eas i ly  found 

h 

I+ (0, 0#) ~, (,~) B 1 + Rx (,~) % (,~) B~e- ~ + R~ (~) j (~.) e k~ d~ cosq~ COS-"~ 
0 

h 
2kh 1-1 . (17) k ( ~ -  ~) d~ ] [I - -  R, (tp) Rz ((p) e co~j 

R~ (cp) R, (~) ] (g) e r176 ~ cos ~ j 
"-}-t " - - - -  

0 

h 

cos 
0 

h 
f ' rk (h-}-~)'~ d~ ][ 2kh]--l (18) 

- l-  R I (q)) R~ (q~) ] (~_) e cos ,~ - -  1 - -  Rx (~) R2 ((p) e cos ,~j " 
�9 cos r 
O 

. Again using (12), we find an express ion  for  the radia t ion vec tor  which a g r e e s  exact ly  with that obtained in 

[71: 

4:-0 L"-- ' ~=~ 
h x/2 kv . (x+~)  k v ( 2 h + x - D  

k v (2h -- x ~ ~) k v ( 2 h - - x + ~ )  2k  v h 

~/2" 2k v h k v ( h + x )  
�9 e - - - -  - -1  

k v ( h - - x )  k v x k v (2h--x) 

(19) 

T h e r e f o r e ,  the in tegral  equations (8) and (9) obtained include al l  poss ib le  cases  of ref lec t ion of r a d i a -  
tion on the boundar ies  of a s emi t r anspa ren t  medium.  

I v (~) 
Rv (~) 

Ju 
IB(v, T) 

q =-k gradT 
E(x) 
kv 
nv 
Em(x) 
h 
cy 
X 

T 

~o, r 
~(~)  

NOTATION 

is the s p e c t r a l  radia t ion intensity in a di rect ion governed by the angle q~ to the normal ;  
m the s pec t r a l  ref lec t ion coefficient in the specular  direction;  
m the re f lec t ion  index; 
m the equivalent solid angle; 
m the volume spec t r a l  density of the radiation; 
is the Planck function; 
ts the su r face  spec t ra l  br ightness ;  
is the heat  flux vector ;  
m the radiant  flux vec to r  (radiation vec tor ) ;  
m the s p e c t r a l  absorpt ion coefficient;  
is the s p e c t r a l  r e f r ac t ive  index; 
xs the in tegrodif ferent ia l  function of m - t h  order ;  
m the l aye r  th ickness;  
m the volume specif ic  heat; 
m the running space  coordinate;  
m the t ime  coordinate;  
a r e  the angles of observat ion;  
is the spec t r a l  d i rec ted  emiss iv i ty  of su r f ace .  
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S u b s c r i p t s  

1 and 2 refer  to the first  and second boundaries, respectively; 
r denotes the reflected radiation; 
0 is incident radiation. 
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